Abstract. Noncommutative quantum mechanics on the plane has been widely studied in the literature. Here, we consider the problem using Isham's canonical group quantization scheme for which the primary object is the symmetry group that underlies the phase space. The noncommutativity of the configuration space coordinates requires us to introduce the noncommutative term in the symplectic structure of the system. This modified symplectic structure will modify the group acting on the configuration space from abelian R 2 to a nonabelian one. As a result, the canonical group obtained is a deformed Heisenberg group and the canonical commutation relation (CCR) corresponds to what is usually found in noncommutative quantum mechanics.
INTRODUCTION
Group-theoretic or canonical group quantization, proposed by C. J. Isham 1 , is the quantization technique that is geometrical in nature with the group structure as a main ingredient in the scheme. The step starts by identifying the canonical group describing the symmetries of the phase space of the system. Then the generators of the group corresponding to the classical observables will be quantized by finding their irreducible unitary representations. The conventional quantum mechanics can be obtained also when we apply the scheme on the linear phase space, R 2 , where the following well-known canonical commutation relation (CCR) will be obtained,
where i, j = 1, 2 for a two-dimensional plane as the configuration space and is the reduced Planck constant. Self-adjoint operators corresponding to the coordinates to the appropriate canonical group which is the Heisenberg group. In the early works of this quantization scheme, it was proposed for the quantization of nonlinear systems such as gravity 2 , string on tori 3 and particle on torus in a constant magnetic field 4 background. Symmetry of the phase space has played a main role in this quantization besides the geometrical structures which are often used in the initial prequantization stage namely in first identifying canonical group. The procedure can then be extended to the noncommuting position coordinates, and the generalized CCR will be obtained as in Noncommutative quantum mechanics (NCQM) in the literature (for more details, see Ref. 5) . The generalized CCR requires noncommuting position operators which motivates us to modify the framework 1, 2, 3, 4 to accommodate this problem. Moreover this situation also gives another natural question: what is the symmetry group of this new phase space with noncommuting coordinates?
The purpose of this work is to study the NCQM via group theoretic approach. This is done by introducing an additional noncommutative term in the symplectic structure of the system. The discussion starts with the framework, namely canonical group quantization and the following section is the modified symplectic algebra. The section ends with finding the unitary irreducible representations by obtaining the CCR of the NCQM.
CANONICAL GROUP QUANTIZATION
Canonical group quantization (CGQ) is a quantization approach that shares the same geometric tools as geometric quantization but takes the cotangent bundle structure of the phase space into account and the canonical group takes the form of a semidirect product. This allows the use of Mackey's theory of induced representations 9 for the canonical group. Note that the key idea is the canonical group must describe the symmetries of the phase space i.e. it leaves the symplectic form invariant. To establish the canonical group for the non-commutative plane, we have to ensure construction of the maps in the following commutative diagram be satisfied,
The quantization stage is essentially the construction of irreducible unitary representation of the canonical group with its generators being the quantized version of the observables. Canonical group quantization has the following steps: Identify a Lie group G, where each element of the Lie algebra A ∈ L(G) will induce a vector field via the group action n the phase space. Note that the one-parameter subgroup it generates, t → exp(−tA) ∈ G induces the vector field
where s is a point on the phase space, S. From each Hamiltonian vector field, ξ A , there will be an observable, f A ∈ C ∞ (S, R) from the relation
where ω is the symplectic form. Alternatively, for each Lie algebra element, there will be an observable under moment map,
If those maps are made to correspond to each other, we can claim that the Lie group G is a valid canonical group C. In the final step, one seeks for inequivalent unitary representations of the canonical group U(C) to realize inequivalent quantizations of the system.
MODIFIED SYMPLECTIC ALGEBRA
The phase space is given by the cotangent bundle,
The symplectic structure will be modified in order to accommodate the noncommutative positions. Thus the modified symplectic structure 8 is given by Ω = dq i ∧ dp i + 1 2 θ ij dp i ∧ dp j ,
where i, j = 1, 2, and noncommutative term being, ω θ = 1 2 θ ij dp i dp j , with an antisymmetric parameter is anti-symmetric, θ ij = −θ ji . In Ref. 8, this is called as dual magnetic field. The natural symplectic structure, ω will be obtained if parameter θ → 0.
We first attempt the group to be the translation group with elements (a i , b i ) ∈ (R 2 × R 2 , +), and the group action l (a i ,bi) symplectically and effectively translates points on the phase space (q i , p i ) by (q i +a i , p i −b i ). Using (3) and parametrising the translations by corresponding elements of the algebra (A i , B i ), the Hamiltonian vector field is given by
The contraction between vector field (7) and symplectic structure (6) gives an exact form (differential of an observable) and the canonical observable reads as
Let ξ (A ′ i ,B ′ i ) be another vector field and performing consecutive contraction procedure will derive a redefined Poisson bracket 6 :
The canonical observables (9) correspond to the vector fields (7) will be redefined then with the extended term 
The results in (11-12) and the contracted relation (8) implies the homomorphism of the j map. In particular, the new Poisson brackets between the canonical observables are:
The modified Poisson brackets are anti-symmetric, while Leibiniz rule and Jacobi identity are also satisfied. Furthermore the brackets generalize the Newtons second law by a noncommutative term (see Ref. 6 ).
Canonical Group and Extensions
Moment map P gives P
and the homomorphism relation should be given by
However the relation is not homomorphic since the new Poisson brackets produce two obstructions,
while Lie bracket on the right hand side of (14) is abelian. These obstructions can be removed using two central extension forms such as z 1 = C and z 2 = D. Hence these extensions will now be included in the algebra of (A i , B i , C, D), and therefore a redefined Lie bracket in right hand side of (14) will be
The group will now be extended as well with elements (
) and the group law being
NONCOMMUTATIVE QUANTUM MECHANICS
In this section, we briefly attempt to develop the unitary irreducible representations of the canonical group, C. However we have to verify the canonical group of the phase space in the following proposition:
θ is the canonical group of the phase space with the extended noncommutative term.
Proof. To verify the canonical group of the phase space, then the algebras of vector fields and observables can be made to correspond to the Lie algebra using γ and P map constructed in (8) and (14-17) respectively. The algebras of the vector fields and observables are related to one another by j map in (9-12). The group H 
As a result, the relations in (19) produce CCR with noncommutative positions using the quantization map,ˆ: P 
The Hilbert space of this representation are given by functions ψ(q i ) ∈ L 2 (R 2 ), then the corresponding unitary representation:
V (b i )ψ(q i ) = e
